Abstract. Our goal is to determine when the trivial extensions of commutative rings by modules are Cohen-Macaulay in the sense of Hamilton and Marley. For this purpose, we provide a generalization of the concept of CohenMacaulayness of rings to modules.
The outline of the paper is as follows. In Section 2, we recall some essential definitions and results on which we base our approach. In Section 3, after defining weakly proregular sequences on modules, we give a characterization of such sequences using the vanishing of suitableČech cohomology modules. We then define (strong) parameter sequences on modules. Continually, after citing some elementary properties of such sequences, we relate these sequences to system of parameters of finitely generated modules in Noetherian local rings. In Section 4, we define CohenMacaulayness of modules over non-Noetherian rings. Among other things, we are able to establish our main result which says when the trivial extension R ⋉ M is Cohen-Macaulay.
Preliminaries
Let R be a ring, I be an ideal of R and M be an R-module. Following [5] , a sequence x := x 1 , . . . , x ℓ ∈ R is called a weak M -regular sequence if x i is a nonzero-divisor on M/(x 1 , . . . , x i−1 )M for i = 1, . . . , ℓ. If, in addition, M = xM , we call x an M -regular sequence. The classical grade of I on M , denoted grade(I, M ), is defined to be the supremum of the lengths of all weak M -regular sequences contained in I, see [11] .
The polynomial grade of I on M is defined by It follows from [1] and [11] that p. grade R (I, M ) = sup{grade(IS, S ⊗ R M )|S is a faithfully flat R-algebra}.
Let x be an element of R. Let C(x) denote the complex 0 → R → R x → 0 where the differential is the natural localization map. For a sequence x := x 1 , . . . , x ℓ of elements of R, theČech complex C(x) is inductively defined by C(x) := C(x 1 , . . . , x ℓ−1 ) ⊗ R C(x ℓ ). Then we set C(x; M ) := C(x) ⊗ R M . The ithČech cohomology H i x (M ) of M with respect to the sequence x is defined to be the ith cohomology of C(x; M ).
The following summarizes some essential properties ofČech cohomology modules.
In the sequel, for a finite sequence x of elements of the ring R, ℓ(x) denotes the length of x. 
Applying parts (2) and (4) Let p a prime ideal of R. By ht M p, we mean the Krull dimension of the R pmodule M p . Also, for an ideal I of R
3. Weakly proregular and parameter sequences 3.1. Weakly proregular sequences. It is mentioned in [10] that local cohomology andČech cohomology are not in general isomorphic over non-Noetherian rings. In [14] , Schenzel gave necessary and sufficient conditions on a sequence x of a ring R such that the isomorphism
holds for all i and R-modules M , where I := xR. Such sequences are called R-weakly proregular sequences. In the following, we provide the module theoretic version of this notion.
Let R be a ring and M be an R-module. For x ∈ R, we use 
} is an inverse system of complexes. Note, for each i, the map φ m n (x, M ) i induces a homomorphism of homology modules
is zero for all i ≥ 1 (see [14] ). Note that an element x ∈ R is M -weakly proregular if and only if there exists an n ≥ 1 such that (0 : The following result provides another description of weakly proregular sequences usingČech cohomology. Its proof is inspired by the proof of [14, Lemma 2.4] . Here, for a sequence x = x 1 , . . . , x ℓ , we use H i (x, M ) to denote the ith cohomology of the complex Hom x (Hom R (M, E)) = 0 for all injective R-modules E and i = 0. Proof. Assume that x is M -weakly proregular and that E is an injective R-module.
By assumption, for all n ∈ N, the homomorphism
is zero, for some m ≥ n. Therefore
The above theorem together with Proposition 2.1 immediately yields the following corollary. As a consequence of the following theorem one obtains that any finite sequence of elements in a Noetherian ring is weakly proregular on any finitely generated module. Proof. Assume that E is an injective R-module. Since the exact sequence 0 → H
then to complete the proof it is enough for us to show that H i I (Hom R (M, E)) = 0 for the injective R-module E with additional condition that E is I-torsion-free. For this, let
The following lemma will be used later. 3.2. Parameter sequences. Let (R, m) be a local Noetherian ring and M be a finitely generated R-module. A sequence of elements x in R is said to be a system of parameters on M if M/xM has finite length and dim M = ℓ(x). In fact, x is a system of parameters on M if and only if ht
Using homological properties of the rings instead of height conditions, the authors in [10] extended the notion of system of parameters in Noetherian local rings to sequences in non-Noetherian ones called strong parameter sequences. This subsection is devoted to generalize the notion of strong parameter sequences to modules. (
The sequence x is called a strong parameter sequence on M if x 1 , . . . , x i is a parameter sequence on M for i = 1, . . . , ℓ(x). One may consider the empty sequence is a parameter sequence of length zero on any R-module. The empty sequence will also be considered as a regular sequence of length zero on any R-module.
Below, we state some elementary properties of parameter sequences that will be used in the course of the paper. Proposition 3.7. Let R be a ring and M be an R-module. Let x be a finite sequence of elements of R.
(1) Any permutation of a parameter sequence on M is again a parameter se- To prove (3), we first note that p. grade R (x n R, M ) = p. grade R (xR, M ) = ℓ(x) by [13, Section 5.5, Theorem 12] and that 
. Therefore x is a strong parameter sequence on M by (3).
Finally for (5), assume that x is a parameter sequence on M and
) and one has the isomorphism
Since S q is a faithfully flat R p -module, one obtains that f (x) is a parameter sequence on M ⊗ R S. To prove the converse, assume that f is faithfully flat. Again using Lemma 3.5, it is enough for us to show that H
Since f is flat, there exists a prime ideal q of S such that p = f −1 (q). The isomorphism
The isomorphism (1) now completes the proof.
Next we provide a description of parameter sequences using height condition.
Proposition 3.8. Let R be a ring, M be a finitely generated R-module and x be a finite sequence of elements of R. 
(2) Assume that x is a parameter sequence on M . Since xM = M , then ht M (xR) < ∞. By part (1), we have ht M (xR) ≥ ℓ(x) and by Krull's Generalized Principal Ideal Theorem, we have ht
Conversely assume that ht M (xR) = ℓ(x). By Theorem 3.4, any sequence of elements in R is M -weakly proregular. Since ht M (xR) = ℓ(x) < ∞, then (x)M = M .
Let p be a minimal element of Supp R (M/xM ). Then p is a minimal prime ideal over xR + Ann(M ). Hence p/ Ann(M ) is a minimal prime ideal over xR(R/ Ann(M )) which is generated by ℓ(x) elements. Then
On the other hand, one has
pRp (M p ) = 0. Therefore x is a parameter sequence on M .
The Noetherian assumption in Proposition 3.8(2) is crucial. In fact, in every valuation domain of dimension 2, one can choose a weakly proregular sequence x, y such that ht(x, y) = 2, but x, y is not a parameter sequence, see [10, Example 3.7].
Cohen-Macaulay Modules

Definition and basic properties.
In [8] and [9] , Glaz raised the question that whether there exists a generalization of the notion of Cohen-Macaulayness with certain desirable properties to non-Noetherian rings. One of those is that every coherent regular ring is Cohen-Macaulay. In this direction, in [10] , it is defined a notion of Cohen-Macaulayness for arbitrary commutative rings. This subsection is devoted to extend the definition of Cohen-Macaulayness for commutative rings in the sense of [10] to modules. Let R be a ring and M be an R-module. If dim M = 0, then M is CohenMacaulay. Indeed, in this situation, M has not any parameter sequences.
Thanks to polynomial grade, Koszul homology, andČech cohomology of strong parameter sequences, our first result presents some equivalent statements of CohenMacaulayness. It generalizes [10, Proposition 4.2] for modules. Its proof is mutatis mutandis the same as that of [10, Proposition 4.2] . But, for the reader's convenience, we reprove it in the case of modules. (2) ⇒ (3) Assume that x is a strong parameter sequence on M ; so that ℓ(x) = grade(xR, M ). As in the (1) 
by [5, Proposition 1.6.13] . This implies that x ℓ is an M ′ -regular element. Therefore x is an M -regular sequence. Finally, notice that (3), (4) and (5) 
Therefore M is Cohen-Macaulay.
One can immediately obtain the following corollaries. Proof. Assume that x = x 1 , . . . , x ℓ is a strong parameter sequence on M and that m is a maximal ideal containing xR. Since M is finitely generated, then M m = ( is M m -regular sequence. Thus x is M -regular sequence. Therefore M is CohenMacaulay.
As mentioned in the introduction, every coherent regular ring is Cohen-Macaulay. In particular, every valuation domain is Cohen-Macaulay. In the following, we show that every torsion-free module over such domain is Cohen-Macaulay. In fact, we do this for torsion-free modules over almost valuation domains. Recall that an integral domain R with quotient field K is called an almost valuation domain if for every nonzero x ∈ K, there exists an integer n ≥ 1 such that either Proof. Suppose that (R, m) is an almost valuation domain and M is a torsionfree R-module. Assume that x := x 1 , x 2 is a sequence in R of length 2. Assume that
Hence x = x 1 , x 2 can not be a parameter sequence on M . Then, for each parameter sequence x of M , ℓ(x) ≤ 1. Therefore M is Cohen-Macaulay. To this end, one notices that M is torsion-free.
Recall that the module M is called Cohen-Macaulay in the sense of ideals (resp. finitely generated ideals) if ht M (I) = p. grade R (I, M ) for all ideals (resp. finitely generated ideals) I, see [3, Definition 3.1] . The following proposition generalizes [3, Theorem 3.4 ] to finitely generated modules. Proof. Assume that x is a strong parameter sequence on M . Then, by Proposition 3.8 and [13, Section 5.5, Theorem 13], we have
However, by assumption p. grade R (xR, M ) = ht M (xR). Then p. grade R (xR, M ) = ℓ(x). Therefore M is Cohen-Macaulay in the sense of Definition 4.1.
4.2.
The Cohen-Macaulayness of some constructions. Let R and S be two commutative rings with unity, let J be an ideal of S and f : R → S be a ring homomorphism. The subring R ⊲⊳ f J := {(x, f (x)+j)|x ∈ R and j ∈ J} of R×S is called the amalgamation of R with S along J with respect to f [7] . This construction generalizes several classical constructions. Among them is the Nagata's trivial extension, see [7, Examples 2.5 and 2.6] .
Under mild conditions, the next proposition shows that the Cohen-Macaulayness of R ⊲⊳ f J descends to that of R. Proof. First of all notice that using the structure of prime spectrum of the trivial extension one has √ xS = π(x)S. Using this together with Proposition 2.1(2) and Theorem 3.2, one can deduce that x is S-weakly proregular if and only if (π(x), 0) is S-weakly proregular. Thus, it suffices to prove that if y is a finite sequence of elements from R, then y is R and M -weakly proregular if and only if (y, 0) is Sweakly proregular. However, as R-modules, H i ((y n , 0), S) ∼ = H i (y n , R)⊕H i (y n , M ) for all i and n. Therefore the definition of weakly proregular sequence completes the proof. Proof. First assume that R⋉M is Cohen-Macaulay and that x is a strong parameter sequence on R. So, in particular, x is M -weakly proregular. By Lemma 4.10, (x, 0) ⊆ R ⋉ M is R ⋉ M -weakly proregular. Also, one notices that
Finally, for a prime ideal p ⋉ M of R ⋉ M containing (x, 0), using Proposition 2.1 and [6, Exercise 6.2.12(iv)], one has
Therefore (x, 0) is a strong parameter sequence on R ⋉ M . So that (x, 0) is a R ⋉ M -regular sequence. It easily follows that x is R-regular sequence and that x is weak M -regular sequence. This shows that R is Cohen-Macaulay and every R-regular sequence is a weak M -regular sequence.
Conversely assume that R is Cohen-Macaulay and every R-regular sequence is a weak M -regular sequence. Let x be a strong parameter sequence on R ⋉ M . Then, using Lemma 4.10, π(x) ⊆ R is R and M -weakly proregular sequence. Also notice that
Hence R = π(x)R. Now let p be a prime ideal of R containing π(x). So that the prime ideal p ⋉ M of R ⋉ M contains x. Hence H ℓ(x) x (R ⋉ M ) p⋉M = 0. On the other hand, again using Proposition 2.1 and [6, Exercise 6.2.12(iv)], one has
Consequently, Proposition 2.1(4) yields that H ℓ(x) π(x) (R) p = 0. This means that π(x) is a strong parameter sequence on R; hence π(x) is R-regular sequence and so by our assumption π(x) is a weak M -regular sequence. Then H We note that the backward direction in Theorem 4.11 holds in general, without supposing that every R-weakly proregular sequence is an M -weakly proregular sequence.
Let R be a ring and M be an R-module. It can be seen from the proof of the above theorem that R⋉M is Cohen-Macaulay if and only if every strong parameter sequence on R ⋉ M of the form (x, 0) is a regular sequence. 
